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Notation throughout the talk
* We have a function [: § — R"

 Which is defined over a subset § < R

[ of the map f to a superset " of 4 ]

O Extension to the whole R", i.e., [": R — R so that

e f'(x)=f(x)foranyx € A \
4 1. Lipschitz Constant

* Maintaining other properties ...

2. Bi-Lipschitz Constant, i.e.,
distortion
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Kirszbraun Extension Theorem

R™ L
O Amap f:X - Yis L-Lipschitzif for all x, x" € X: @ © \Rm
— N <L - . .
17 G~ FG < L llx[ § oooiications

0 Lipschitz extension: * Prioritized and Terminal Dimension

Given: a L-Lipschitzmap f:S ; reduction

Goal: amap f":R™ » R™s.t. e Clustering

« f'isan extension of f .

Kirszbraun extension theorem ‘34: for § c R", every L-Lipschitz map f: S - R™

can be extended to the whole R™ keeping the same Lipschitz constant,
ie., L' = L.
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(1 Can we get any lower bound?
* Bi-Lipschitz extension: [MMMR’18]
* Initialmap f:X — Y is D-bi-Lipschitz or has distortion D , i.e., for some 1

and all x, x' € X:
Alx=x<lfx) = fGHI<D-2-[[x—x
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f' can decrease distances arbitrarily

(1 Can we get any lower bound?

* Initialmap f: X > Yis or has ,i.e., for some A
and all x, x' € X:
Al =X < [IfCx) = fCOI =D -2~ |lx—x|
« f" will have distortion O(D)
e Using “extra coordinates”

» What if we have no such guarantee?



Two-Sided Kirszbraun Theorem

J Decreasing distances is unavoidable



Two-Sided Kirszbraun Theorem

J Decreasing distances is unavoidable
*X,YES O f
* [ Cx) = fFO)l is small . ® f(%)
i)



Two-Sided Kirszbraun Theorem

J Decreasing distances is unavoidable x'
*X,VES ® foFe0
. X
* |If (x) = £l is small ‘0 (%)
*x' €T isclosetox,andy’ € Tisclosetoy Cif(y)
y



Two-Sided Kirszbraun Theorem

J Decreasing distances is unavoidable x'
*X,YES o f [
* [ Co) = FO)I is small ‘0 f(x)
*x' €T isclosetox,andy’ € Tisclosetoy Cif(y)
y
o T 5o
yl

Can we decrease distances between any pair of points as little
as possible?
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2. Our results

e Two-sided Kirszbraun Theorem
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Results in a nutshell

4 )

A “tight” variant of the Kirszbraun theorem:
It is possible to find an extension map f' such that the distance

between any pair of points is not decreased by more than what is

'{] 14
\ necessary . /
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What is necessary? An upper bound

e Define metric

dyp(x',y') = min(Lllx" = y"ll, inf (L]lx" = x|l + [1f C) = FOIN + Lily = y'ID)
e cL-Lipschitz extension f": T - R™ has ||f'(x") — f'(y)|| < cdyp (X', y")
« Canwe find f suchthat ||f'(x") — f'(y)]| = Q(d,,(x',y'))?
* Short Answer: No

* Long Answer: We need extra relaxations X



A bad example

e S=CU({x,y}

y=(2,2)
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Relaxation |: Quter Extension

e Use additional coordinates in the image of the extended map

o—y <

&

- f)a
f(x)
C f(O)
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* fis L —Lipschitz
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Lipschitz Outer-Extension

Given:amap [: 5 — R", where
SCTcR"
 fis L —Lipschitz

Goal:amap f': X — R™ , where

m >m

e f'is L' —Lipschitz

* f'isan (outer)-extension of f: foreveryx € S

flx) =fx) @ (0,...,0)
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Relaxation Il: increase the Lipschitz constant

* If f' must have Lipschitz constant equal to 1, then m should be
mapped tom’

* the distances would decrease infinitely.

> Instead find a f
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Results: Two-sided Kirszbraun Theorem

(
Given:

f:S =» R™is L —Lipschitz
ScTcR"

Find: the extended map f': T -» R™ @ R? = R™ such that
f"is (1 + €)L —Lipschitz
1f' () — F' Il = cedyp(x,y) forallx,y € T
If |T \ S| is finite, then A = O(log |T \ S|).

Otherwise A = o

\.
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Pros

» Least Possible contraction: for any pair simultaneously upto a factor

. | G- ||
ofO(\/E), i.e., Bound ) € [cV/e, 1+ €]

» Easy to compute distances ||f'(x) — f' (V)|

e Computing |[f'(x) — f'(y)|] in Kirszbraun theorem requires computing the
entire map itself, which can be done using SDP

* Here, we can just compute use d,; (X, y) as a good approximation

» Optimal Parameters (See next slide)
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Lower bound results

There exists Sand T = S U {z, z,} and a 1-Lipschitz function f s.t.

for any (1 + €)-Lipschitz extension of f, their distance has to decrease by a factor of

Ve ie, If'(z1) — f'(z)ll < 0(Vedyy (21, 22))

forany m,n, N, there exists an

instance s.t. |T \ S| = N, and any outer Lipschitz extension with ||f'(x) — f'(y)|| =
cdy,p,(x,y) requiresm’ = ¢’ log N where ¢’ = 1/log(§ + 1)
for any m, n, there exists an instance

with infinite sets S € T, s.t. any outer Lipschitz extension with |[f'(x) — f' (y)|| =

cdy, (x,y) for some ¢, requires m’ =



Application I:

* Our results immediately implies bi-Lipschitz extension of

* O(D) distortion
e Caveat: we don'thave m’' = m + n,

* Pros: easy to compute distances approximately.
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Application II:

Dataset of objects X with a metric dy resembling their similarity.

We get additional information on a subset ¥ © X of them and compute the new Euclidean
distance dy

dy(x,y), x,y€Y
dyx(x,y), otherwise

Goal: Combine into a distance function d (x,y) = {

* Not necessarily a metric; Compute shortest path on it be d,,
* We want d,, to be Euclidean but it does not have to be
Theorem:

« Sufficient conditions for it: if dy(x,y) < Cdy(x,Y) forall x,y € Y, then the updated metric is
O(CAB)-Euclidean, where we assume d, is A —Euclidean and d,, is B —Euclidean

* Lower bound: The above condition is necessary otherwise one gets at least 2(log N) distiortion
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Overall approach

*f'(x) =g'(x) © h'(x)

1. g'(x): Kirszbraun extension of f(x).

 Does not increase distances
* The same as f(x) on the pointsin S

2. h'(x) = c/eL h(x):

* h(x) should be Owhenx € S
* Increases as a function of R, := dist(x,S)

* [[h(x) = hIl = @(min(|lx — yll, R, + Ry))
e Use embedding (rescaled and truncated)
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Two ingredients:

* Forany r > 0, there exists a map ,- from £% to the infinite dimensional
sphere of radius 7, such that it approximately preserve distances of value at
most 7.

() =)l = ©(min (llx - yll,v2r))
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Construction of h

Two ingredients:

* Forany r > 0, there exists a map ,- from £% to the infinite dimensional
sphere of radius 7, such that it approximately preserves distances of value at
most 7.

() =)l = ©(min (llx - yll,v2r))

2. Bump Function:

0, otherwise

1
)\(t){e = ifte(—1,1)




Overall approach

* For finite set |T \ S|, we apply JL on top of h'(x) to get the desired bound on the
dimension



Summary

e Showed two sided variant of the Kirszbraun theorem

* It achieves asymptotically optimal parameters.

* Provides a simple approximate formula for computing distances

* Applications of our results to bi-Lip extension & Updating Euclidean metric.

4 . N
Given:

f:S - R™is L —Lipschitz
ScTcR"
Find: the extended map f": T - R™ @ R? = R™ such that
f"is (1 + €)L —Lipschitz
1 Co) = 'Ol = cedyp(x,y) forallx,y €T
If |T \ S| is finite, then A = O(log |T \ S|).
Otherwise A = oo




Summary

* Showed two sided variant of the Kirszbraun theorem

* It achieves asymptotically optimal parameters.

* Provides a simple approximate formula for computing distances
* Applications of our results to Updating Euclidean metric.

r L]
Given:

e f:S - R™is L —Lipschitz

e ScTcR"

Find: the extended map f": T - R™ @ R? = R™ such that
 f'is (1 + €)L —Lipschitz

') = fFOIl = cvedyp(x,y) forallx,y € T
 If|T \ S|isfinite, then A = O(log|T \ S)).

e Otherwise A = o

\,
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